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(Communicated by Martin Škoviera ) 
A B S T R A C T . A subset D c V(G) is called a k-dominating set, k > 1, if 
for every vertex y not in D, there exists at least one vertex x G D such 
t h a t d(x,y) < k. For convenience we also say that D k-dominates G. The 
k-domination number 7^(C) is the cardinality of a smallest k-dominating set. 
The 1-domination number is also called the domination number. 
In this paper we determine the exact values of 7 fc (Px • Pn),..., 7 fc (P 3 • Pn), 
2-domination numbers 7 2 (P4 D P n ) , . •. , 7 2 ( P 7 D P n ) , estimates for 7 f c ( P m D P n ) 
when k > m — 1 and lim 7 f c^ ™—----- where Pn denote the p a t h of length n. 
1. Introduction and terminology 
For any graph G we denote the vertex-set and the edge-set of G by V(G) 
and E(G), respectively. 
The Cartesian product of two graphs G, H is a graph with vertex set 
V(G) x V(H) and ((g l 5 / i j , (g2, h2)) G E ( G D H) if and only if either gx = g2 
and (hx,h2) G E(H), or (g1,g2) G --?(G) and /i1 = /i 2. 
The study of domination numbers of products of graphs was initiated by 
V i z i n g [16]. He conjectured that the domination number of the Cartesian 
product of two graphs is always greater than or equal to the product of the 
domination numbers of two factors; a conjecture which is still unproven. 
Domination numbers of Cartesian products were intensively investigated in 
the past (see e.g. [1], [2], [5], [6], [10]). 
In this paper we extend these investigations to k-domination for k > 2. 
2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : Pr imary 05C69. 
K e y w o r d s : k-dominating number, Cartesian product, path . 
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k - D o m i n a t i o n n u m b e r s of P2 • Pn a n d P 3 D Pn 
To fix terminology for the proofs of our results we need some more definitions. 
DEFINITION 1. Let 1, . . . , k and 1, . . . , n be vertices of paths Pk and Pn , 
respectively. 
For a fixed ra, 1 < ra < n, the set (Pk)m= {( l,ra), (2,ra), ( 3 , r a ) , . . . , (k,ra)} 
is called a column of Pk UPn. The set (Pn)
1 = {(/, 1), (/, 2), (/, 3 ) , . . . , (/, n)} , 
1 < / < k, is called a row of Pk • Pn. 
Any set B={(Pk)m,(Pk)m^...,(Pk)m+l: / > 0 , ra>l, m + l<n] of 
consecutive columns is called a block of size kx(l+l) of PkxPn. If another block 
Bf contains column (Pk)m_i (but it does not contain the column (Pk)m), or the 
column (Pk)m+l+l (but not column (Pk)m+i)-> then B
1 is said to be adjacent 
to B. Block B is called internal if it is adjacent to two other blocks. It is called 
external, if it is adjacent only to one block. 
The following observations will be frequently used in the sequel. 
OBSERVATION 1. Let Cn and Pn denote the cycle and path with n vertices, 
respectively. Then 
%(Cn)=lk(Pn)=\w+-l 
The following theorem was shown by J a c o b s o n and K i n c h [5]. 
T H E O R E M 1. We have 
~n + l 




These two results can be easily extended to all k > 1. 
T H E O R E M 2. Let k > 1. Then 
5r + 1, n = 0 (mod 2k), 
7 ќ І 2 J _ l [ ^ l , otherwise. 
P r o o f . It is obvious that for k = 1 our result reduces to the result given 
in Theorem 1. We consider the set 
S={(l,k+4kl): l = 0,l,...,[^\}u{(2,3k+4kl): I = 0,1,... , [ ^ \ } . 
It is easy to check that S is a k-dominating set for n = k,..., (2k—1) 
(mod 2k). Also in these cases each vertex of P2 ~^Pn is k-dominated by exactly 
one vertex of S. For all these cases | 5 | = [^] . 
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Proof of minimality follows from the fact that on P 2 D P2A,_1 only one 
k-dominating vertex can k-dominate all vertices, but on P2 D P2k we need 
at least two vertices. (For each vertex on P2DP2k there exists at least one other 
vertex such that distance between them is > k + 1.) 
For n = 0 , 1 , . . . , (k — 1) (mod 2k) we take Sx = 5 u { ( 2 , n ) } . It can be easily 
seen that for these n, Sx is a k-dominating set, and 
7 ( P D P ) _ ! l +
 1 ' n = 0 (mod2fc ) , 
7 f e ^ 2 J l [ ^ ] , otherwise. 
Proof of minimality follows from previous and from the fact that for S on 
P 2 D Pn at least one vertex is not k-dominated. • 
In the sequel we investigate k-dominating sets on P 3 D P n . 
LEMMA 1. Let k > 2. n>2. Then there exists a minimum k-dominating set 
D O/P3DPn such that for every z e { l , . . . , n } , \(P3)i H D\ < 1. 
P r o o f . Let D be a minimum k-dominating set of P 3 D P n . We first assume 
that \(P3)l C\D\ > 2 holds. Without loss of generality, let (1,1) e D and let M 
denote the set of vertices which are k-dominated by the vertices of (P3)x fl D. 
Then D' = (F>U {(1,2)}) \ {(1,1)} also k-dominates at least vertices of M. (If 
(1, 2) G JD, then D is not minimal.) Hence, we can conclude that (P3)1 contains 
at most one vertex of D and the same holds for (P 3 ) n • 
Assume |(P3). n D\ = 3 holds for some (P3)- , 2 < i < n - 1. If M de-
notes the set of vertices k-dominated by the vertices of (P3)^, then D' = 
(F> \ {(2,z),(3,i)}) U {(3,2+1), (3,2-1)} also k-dominates all vertices of M 
and therefore k-dominates P 3 D P n . 
If now either (Ps)i_1 or ( P 3 ) i + 1 contains three vertices of D', then we repeat 
this process and finally obtain either a contradiction to the minimality of D or 
a k-dominating set with at most two vertices of one column of P 3 D P n . 
We now assume that |(P3)Z- fl D\ = 2 holds for some 2, 2 < i < n — 1, and 
no (P3)7-, 1 < J < n, contain more than 2 vertices of D. 
a) We first consider the case that { ( l , i ) , (2, i)} C D. Then {(1,2), (2, i)} 
k-dominate vertices of M = {(j, i—1), (j, i—2),..., (j , i—k)}u{(j, i+1), (j, i+2), 
. . . , ( i , i + k ) } u { ( 3 , i - l ) , ( 3 , i - 2 ) , . . . , ( 3 , i - k + l ) } u { ( 3 , i ) , ( 3 , i + l ) , ( 3 , i + 2 ) , . . . 
. . . , ( 3 , i + k - l ) } , where j e {1,2}. 
But vertices {(2,2—1), ( 2 , i+ l ) } also k-dominate M. Hence, D' = 
(F ) \ {(1,2),(2,i)}) U {(2,2-1),(2,2+1)} also k-dominate P 3 D Pn. If now 
(•^3)2-1 o r (^3)2+1 contains three vertices from D', then D' and therefore 
D is not minimum. D is also not minimum if (2,2—1) or (2,2+1) is already 
contained in D. 
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Now assume that | (P 3 ) . + 1 nF>| = 1 (\(P 3 ) i + 1 nD'\ = 2) holds. From previous 
notations it follows that ( l , i + l ) or (3 , i+l) G D, say ( l , i + l ) . 
Then for i < n - 3 we set D" = [D1 \ { ( l , i + l ) } ) U {(2, i+3)} and repeat 
the above arguments. I f n — 2 < n < n - l , then D" = (D1 \ { ( l , z+l) } ) . 
b) For {(2,z),(3,2)} C D and {(l,z), (3,z)} C-D analogously as in a). • 




P r o o f . We consider the set 
S = {(2, k+(2k-l)l) : / = 0,1,..., Ls^lJ "I} • 
For n = 0 (mod (2fc—1)), S is a fc-dominating set and 
|5| = n 
2 f c - l 
n 
2 f c - l 
ìs a For n = k,..., (2Jfc-2) (mod (2fc-l)) , Sx = S U { (2, fc+(2fc-l)- L^ - f _ 
A;-dominating set and 
p i | _ 2k-i • 
For n = 1 , . . . , (A:—1) (mod (2k — 1)), S1 = S U {(2, n)} is a A:-dominating set 
and 
|5il 2ifc-l 
It follows that 7fc(i>3 D Pn) < \ ^ \ . 
We now prove that these sets are also minimum fc-dominating sets. 
Let D be a minimum fc-dominating set which satisfies Lemma 1. Let s be the 
number of columns which contain no vertex of D. Then, since at most (2fc — 2) 
empty columns can be adjacent, 
n 
S < (2k - 2). 
2k-1 
Then for every A;-dominating set D there holds 
\D\ > n — s > n 





L2fc - 1 
L2fc-1 
(2k - 2) = 
(2к - 2) 
2 A ľ - U 2к- 1 
ìfn = t (mod (2к-l)), l<t<2k-2, 
\D\> 
.2k 
•(2fc-l) + ť- . 2fe — 1. 
• (2k - 2) = 
2k- 1. + t> 2k 
D 
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3. 2-Domination numbers 
Of course, the situation is much more complex if we consider P- D Pn for 
some j > 4. Even the determination of the k-domination number for k = 1 
is difficult if j > 5 holds. Hence, we only consider 2-domination for P D Pn, 
4 < j < 7 . 
T H E O R E M 4. For n > 2. 
Ъ(P4DPn) = { 
( 3[fJ + 2 , n = 1,2,3 (mod7) 
3[fJ , n = 4,5 (mod7), 
3 [ f J + l , n = 6,0 (mod 7), 
l 4, n = 
P r o o f . We consider the set 
S = {(1, 7+14A;) : k= 0,1,..., L^J } U {(1,13+14*) : k= 0,1,..., [ ^ J } 
U{(2,3+14&): fe=0)l,...,L^J}u{(3,10+14fc): k= 0,1,..., \*=^\ } 
U {(4, 6+14&) : fe=0,l,...,L-niJ}u{(4,14+14fc): k= 0,1,..., [f|J -l} 
U{(3,1)}. 
See Figure 1. 
1 1 1 — 1 ( » — [ — 1 ( > — 1 1 > — 1 
o — — ( > — 
" 
FIGURE 1. 
Then S is a 2-dominating set for n = 0, 3 (mod 7). 
Let n > 2 and Sx = S U {(2,n)}. S1 is a 2-dominating set for n = 
1,2,4 (mod 7). 
If the number of 4 D 7 blocks is odd, let S2 = S U {(2, n)}; otherwise, let 
S2 = S U {(3, n)}. Then S2 is a 2-dominating set for n = 5 (mod 7). 
For n = 6 (mod 7) a 2-dominating set 5 3 is given by S3 = S U {(2,n)} if 
the number of 4 D 7 blocks is even, and by S3 = S U {(3, n)} if the number of 
4 D 7 blocks is odd. 
It follows that 
3[fJ + 2 , n = 1,2,3 (mod 7), 
3|Y| , n = 4,5 (mod 7), 
, 3[f] + 1 , n = 6,0 (mod 7). 
We now prove that 7 2(P 4 D P n) > \S\. 
7 2 ( P 4 D P n ) < | 5 | = ^ 
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DEFINITION 2. We partition P4UPn into [j\ blocks of size 4 D 7 , where the 
first 4 • 7 block contains (P4)1. If n = k (mod 7), where fc^ 0, then we also 
have a block B', which is a 4Dfc block. Without loss of generality, we always 
assume that B' = { ( P 4 ) n , . . . , (P4)n-k+i}-
LEMMA 2. If B is an external 4 D 7 block, for every 2-dominating set D, 
there holds \D n B\ > 3 . 
P r o o f . Without loss of generality, assume that B is the first block in the 
graph P 4 D Pn. (Only if n = 0 (mod 7) there are 2 external 4 D 7 blocks.) If 
columns (P4)6 and (P4)7 are 2-dominated by vertices from the adjacent block, 
there is still one undominated block of size 4 D 5 . To 2-dominate these vertices, 
we need at least three vertices from block B. D 
LEMMA 3. \D n B\ > 2 holds for every internal block B. 
P r o o f . Let B = {(P4) j 5 (P4)j+v • • •> Wj+e} > 3 >
 8> be some internal 
block. Only vertices of columns (p4)j, (PA)J+I
 an<^ (^4)^+5? (PA)J+Q c a n be 
2-dominated by vertices of adjacent blocks. To 2-dominate vertices of columns 
(p4) +25 (
p
4) +3 5 (
p
4) +45
 w e always need at least two vertices which are con-
tained in B. D 
LEMMA 4. Let n > 21 . / / \D n Bk\ — 2 /Or some internal 4 • 7 6/Ock P^., 
^ e n |Z? n -Sjfe—xl > 4. anJ | F ) n 5 A ; + 1 | > 4. If Bk_1 (Bk+1) is external, then 
| ^ n ^ _ J >5 (|i?nfifc+1|>5). 
P r o o f . Let Bk = {(P4)-, (P4)j+V •. •, (P4)3+6}, i = 7 ( f c - l ) + l , fc G 
{ 2 , . . . , [ f j - 1 } . Let BkHD = M and let |M| = 2. Then both vertices of M 
must be contained in the set L = (P4)j+2
 u (^4)^+3 u (^4)^+4 s i n c e n o vei*tex 
outside Bk can 2-dominate a vertex of these three columns. This also implies 
that vertices of M are contained in different columns. Hence, vertices of M 
2-dominate at most one vertex of (P4)j
 a n d at most one vertex of (P4)j+6. 
Case a): 
Vertices of M 2-dominate exactly one vertex of (P4) -+6 and exactly one vertex 
o f ( P 4 ) , . 
In this case two vertices of M must be contained in (P4)j+2
 a n d (P4)j+4, 
respectively. Then three vertices of (P4)j , (
p
4)j+6 , at least one vertex of (P4)^ + 1 
and at least one vertex of (p4)~+5 remain undominated by vertices of M. We 
first consider Bk+1. Since three vertices of (P4) + 6 and at least one vertex of 
(P4)j+$ are not 2-dominated by vertices of M , the first column of Bk+1 (i.e. 
the column (P4)j+7) contains at least two vertices of D. 
But these two vertices cannot 2-dominate any vertex of the columns (P4)7 + 10 
a n d (P4)j+11. Vertices of (P4)j+10 and (P4)j+11 cannot be 2-dominated by 
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vertices contained in Bk+2. To 2-dominate these two columns, we need at least 
twTo vertices of D which are contained in Bk+1. 
If Bk+1 is the last block, we need at least one more vertex to 2-dominate 
the remaining vertices on Bk+1. 
Of course the same holds for Bk_x. 
Case b): 
Vertices of M 2-dominate exactly one vertex of (P4) + 6 and no vertex of (P4)j • 
In this case it is obvious that \D D Bk_1 \ > 4 holds. 
The situation on Bk+1 is the same as in the Case 1. 
Case c): 
Vertices of M 2-dominate no vertex of (-P4L and no vertex of (P4) -+ 6 . In this 
case our result obviously holds. • 
Applying Lemma 4, it is now possible to prove Theorem 4 in the case each 
n is a multiple of 7. 
Case 1: n = 7m. 
We first assume that n > 21 . 
Let D be any 2-dominating set. \D D Bk\ > 2 holds for each block Bk, 1 < 
k < f" > by Lemma 3. Assume that there are s (4 D 7)-blocks which contain only 
two vertices of D. By Lemma 2, these blocks are internal. Then, by Lemma 4, 
there are at least 5 + 1 (4 • 7) -blocks which contain at least four vertices of D. 
Let B{ , 1 < j < 2s + 1, denote these blocks which contain either two or four 
25 + 1 
vertices. Then B = M B- contains at least 65 + 4 vertices of D. Together we 
. - l3 
3 = 1 
have m = j (4 • 7)-blocks. 2s + 1 blocks of B contain 3(2s + 1) + 1 vertices 
of D, the remaining r = m — 2s — 1 (4D 7)-blocks at least 3r vertices of D. 
Therefore \D\ > 3m + 1 = | 5 | , which completes the proof in this case. 
Let n = 14. \D H Bk\ > 3 holds for each block Bk, k = 1, 2, by Lemma 2. If 
\D n Bx I = 3, at least one vertex of Bx is 2-dominated by vertices of B2 . Then 
it is obvious that \D n B2\ > 4 and therefore |D| > \S\ holds. 
Case 2: n = 7m + l. 
LEMMA 5. \D n (Bm U B')\ > 4 for any 2-dominating set D. 
P r o o f . Bm U B' is a 4 • 8 block. If the first two columns of Bm are 
2-dominated by vertices of Bm_1, there is still an undominated block of size 
4 • 6. To 2-dominate vertices of this block we need at least four vertices which 
are contained in Bm U B'. • 
LEMMA 6. Let n > 15. If \D n (Bm U B')\ =4, then \DnBm_1\ > 3, and if 
Brn_1 is external, then \D D Bm_1\ > 4. 
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P r o o f . Bm U B' is a 4 • 8 block, and, by Lemma 5, it contains at least 4 
vertices of D.If \BmUB'\ = 4 holds, then (P4)n_7nD = 0 and \(P4)n_6nD\ < 1 
must hold. 
If Bm_1 is an internal block, then at most the first two columns of Bm_1 
can be 2-dominated by vertices of Bm_2. 
By the same arguments as in the proof of Lemma 4, wre obtain that \DnBm_i\ 
> 3 holds. If Bm_1 is already external (i.e. n = 15), then we need at least four 
vertices to 2-dominate all vertices of Bm_1, which means that \DnBm_11 > 4. 
D 
Let D be any 2-dominating set. Again we assume that there are s blocks 
containing only two vertices of D. From Lemma 6, if the block Bm UB' contains 
only four vertices of D, then Bm_1 cannot be a block containing only two 
vertices of D. Therefore, we can again apply Lemma 4 to show that \D\ > 
3[fJ+2 = |5|. 
The case n = 8 can be checked directly. 
If n = 7ra + 2 or n = 7m + 3, we cannot have a minimal 2-dominating set 
with less vertices than in the case n = 7ra + 1. Therefore, our result also holds 
in these cases. 
Case 3: n — 7ra + 4. 
LEMMA 7. \D PI B'\ > 2 for any 2-dominating set D. 
P r o o f . B' is a 4D4 block. At most the first two columns can be 2-domina-
ted by vertices from Bm_1. To 2-dominate the remaining vertices, we need at 
least two vertices which are contained in B'. D 
LEMMA 8. Let \D n B'\ = 2. Then \D n Bm\ > 3 if Bm is internal, and 
\D n Bm\ > 4 if Bm is external. 
P r o o f . The same kind of argument as in the proofs of the above lemmas 
immediately lead to this result. O 
We now assume that there exist s blocks B- , 1 < s, j i < m — 1, with 
|_? f)D\ = 2 . Let \Bmr\D\ = 3. Then, by Lemma 4, there are also 5 + 1 blocks 
Bk , with \Bk. DD\ > 4. This, together with Lemma 8, is sufficient to show that 
\D\ > \S\ holds for every 2-dominating set D. 
If \D n Bm\ > 4 holds, we again assume that there are s blocks B , 
Ji _̂  ra — 1, which contain only two vertices of D. As above, Lemma 4 now 
immediately implies that there are also s blocks Bk with \Bk n D\ > 4, and 
then again \D\ > \S\. 
For n = 7ra + 5 minimality follows directly from the fact that wre need at 
least as many vertices to 2-dominate P4 • Pn as in the case of n = 7m + 4. 
Case 4: n — 7m + 6. 
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LEMMA 9. \D n B'\ > 3 for any 2-dominating set D. 
P r o o f . The same as in Lemma 7. • 
LEMMA 10. If \DnB'\ = 3, then \DnBm\>3. 
P r o o f . The same as in the Lemma 6. • 
If B' contains at least four vertices, then we can again apply Lemma 4 as 
above to obtain that \D\ > \S\ holds. If \B' Pi D\ = 3 holds, then Bm contains 
more than two vertices of D, and Lemma 4 again completes the proof. • 
The results about 72(P5 D P n ) , 72(P6 D Pn) and 72(P7 D Pn) are given 
without proof of minimality, because these proofs are long and tedious. They go 
along similar lines as for 72(P4 --- Pn) • We partition graph into blocks. Then we 
consider how many vertices we must at least have on some block. On P5 D Pn 
we have 5 D 6 blocks, on P6 D Pn 6 D 5 blocks and on P7 D Pn 7 D 6 blocks. 
T H E O R E M 5. For n>2 
' 3[|J + 1 , n= 1 (mod6), 
7 2 ( P 5 D P J = <; 
3|_fJ + 2 , n = 2 (mod 6), 
3|_fJ + 3 , n = 3,4 (mod6) : 
I 31£] + 1 , n = 5,0 (mod 6) 
P r o o f . We consider the set 
5 = {(l,4+6fc): fc = 0,l,...,L^J}u{(3,l+6fc): fc = 0,1,..., |_-f-J} 
u{(5,4+6fc): fc = 0,l, . . . ,L-f iJ}. 
5 is a 2-dominating set of P5 • Pn for n = 1,4 (mod 6). 
5 u { ( 3 , n ) } , n = 2,5,0 (mod 6), 
S = 1 l 5 u { ( l , n ) , ( 5 , n ) } ) n = 3 (mod 6) 
S1 is a 2-dominating set for n = 2, 3,5,0 (mod 6). 
Hence, we have 2-dominating sets with the following cardinalities: 
' 3L|J + 1 if n = 1 (mod 6), 
3LfJ + 2 if n = 2 (mod 6), 
| 3LfJ + 3 if n = 3,4 (mod 6), 




T H E O R E M 6. For n > 2, 
Ъ(РвПРп) = { 
3LfJ + 1, n = 0 (mod 5), 
3 L f J + 2 , n = 1,2 (mod 5), n^ 6,7, 
3 L f J + 3 , n = 3,4 (mod 5), n ^ 3,4, 
2, n =3, 
4, n = 4,6, 
6, n = 7. 
P r o o f . We consider the set 
S= {(l,l+10fc): A:=0,l , . . . ,L^ i J}u{( l ,7+10A:): k=0,l,... ,[^f\] 
U {(3,4+10*): k= 0 ,1, . . . , L ^ J } U {(4,9+lOA:) : k=0,1,..., L ^ J } 
u{(6,6+10fc): fc=0,l,...,L^J}u{(6,12+10fc): k= 0,1,.. ., L ^ J - l } 
U{(5,2)}. 
5 is 2-dominating set for n = 4 (mod 5), n ^ 4 . 
The 2-dominating set for other n (when there are even number of 6 D 5 
blocks) is 
5 1 = 5 u { ( 6 , n ) } for n = 1 (mod 5), 
5X = ( 5 \ { ( l , n - l ) } ) U{(2,n-1)} for n = 2 (mod 5), 
S1 = 5 U {(3,n)} for n = 3 (mod 5), 
5 1 = (5\{(6,n-4),(4,n-l)})u{(5,n-4),(3,n),(6,n-2)} 
for n = 0 (mod 5). 
When there are odd number of 6D5 blocks, we have the symmetrical case. Then 
in 5X instead (6,n) we must take ( l ,n), and so on. 
It follows that 
f 3 L ? J + ! » n E E ° (mod 5), 
3[fJ + 2 , n = 1,2 (mod 5), n / 6 , 7 , 
3 [f J + 3 , n = 3,4 (mod 5), n / 3,4 , 
2, n = 3, 
4, n = 4,6, 
6 , n = 7, 
D 
l2(p6npn)<\s\ = { 
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T H E O R E M 7. We have 
(2, n = 2, 
4[fJ + 2 , n = 0,l (mod 6), 
4[fJ + 3 , n = 2 (mod 6), n ^ 2 , 
4[fJ + 4 , n = 3,4 (mod 6), 
, 4[fJ + 5 , n = 5 (mod 6). 
P r o o f . We consider the set 
5 = {(l,4+6fc): fc = 0 , l , . . . , [ ^ J } u { ( 3 , l + 6 f c ) : fc = 0,1, . . . , [ ^ J } 
u{(5,4+6fc): fc = 0,l,...,L-^-J}u{(7,7+6fc): fc = 0 ,1 , . . . . | 2 f - J - l } 
U{(6,2)} 
S is a 2-dominating set of P7 D Pn for n = 1,4 (mod 6), n / 1. 
( SU {(3,n)}, n = 2 (mod 6), 
SU {(l,n),(5,n)}, n = 3 (mod 6), 
SU {(5,n)}, n = 5 (mod 6), 
I SU {(3,n),(7,n)}, n = 0 (mod 6). 
Sx is 2-dominating set for n = 2,3,5,0 (mod 6). 
Hence we have 2-dominating sets with the following cardinalities: 
(2, n = 2, 
4[fJ + 2 , n = 0,l (mod 6), 
4[fJ + 3 , n = 2 (mod 6), n ^ 2 , 
4[fJ + 4 , n = 3,4 (mod 6), 
I 4[fJ + 5 , n = 5 (mod 6). 
Si 
D 
4. S o m e genera l r e s u l t s 
THEOREM 8. For m odd and k > m - 1, 
Ъ(PmПPn)< n 2k-m-\-2 y 
P r o o f . We consider the set 
5 = {([fJ+l,fc-[fJ+l+(2fc-m+2)0: / = 0,1,..., [-"-feJ-l}. 
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For n = 0 (mod (2fc — m + 2)), 5 is a fc-dominating set and \S\ = 2k-m+2 
For n = k- [ f J + 1 , . . . , (2fc-m+l) (mod (2fc - m + 2)), 
5, = 5 U { (Lf J +1, k- Lf J +l+(2fc-m+2). [^^-2 
is a fc-dominating set and 
! 5 ' = 2fc - m + 2 
For n = l , . . . , ( f c - [ f J) (mod (2 f c -m + 2)), 5. = 5 U { ( [ f J + l , n ) } is a 
fc-dominating set and | 5 1 | = f 2fc ^, . 2 ] • Q 
THEOREM 9. For m even and k > m - 1 
f ot. " . o + 1, n = 0 (mod (2fc - m + 2)) , 7fc(P D P ) < 2fc-m+2 v v ; ; , 
I [2fc-m+2l > otherwise. 
P r o o f . We consider the set 
S= {(f,fc_f + i+(2fc-m+2)2/): / = 0,l,...,Li(
!SSi i)j} 
u { ( f + l ,3 fc - - f+3+(2fc-m+2)2Z) : Z = 0 , 1 , . . . , [ | ( ^ ± ^ ) J - l } . 
For n = fc—f+ 1 , . . . , 2fc—ra+1 (mod (2fc — ra + 2)), S is a fc-dominating set 
and 
I5' = I 2fc - ra + 2 ' 
For n = 0 (mod (2fc — ra + 2)), Sx = S U { ( f , n )} is a fc-dominating set and 
1̂ 1 I = 2k-m+2 + 1* 
For n = l , . . . , f c - f (mod (2fc - ra + 2)), also S1 = S U { ( f , n )} is a 
fc-dominating set and I.SJ = |"2fe_^+2] • • 
PROPOSITION 1. For any two paths Pm, Pn, ra,n > 2. 
l i m lk(PmUPn) = 1 
m,n^oo ran 2fc2 + 2fc + 1 ' 
P r o o f . We follow the ideas used in [15] for the cardinal product. 
We consider the set H = {(ij) : j = (2fc+l)i (mod (2fc2 + 2fc + 1))} . H 
contains L f e2+f f c+1l vertices. 
Vertex (i,j) fc-dominates all vertices on a (fc+l)D(fc + l) block on Pm\3Pn. 
There are 2fc2 + 2fc + 1 such vertices. 
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We take (ij) e H (j = (2k+l)i (mod (2fc2 + 2fc + 1))). This vertex can 
fc-dominate all vertices at distance < k. 
The vertices at distance fc + 1 from (i, j) are 
{(i, j - f c - 1 ) , ( i + 1 , j - f c ) , . . . , (i+kj-l), 
( i + f c + l , j ) , ( i + f c , j + l ) , . . 
( i , i + f c + l ) , ( i - l , j + f c ) , . . 
( i - f c - l , j ) , ( i - f c , j - l ) , . . 
It is easy to see (by the same methods as in [13]) that all these vertices are 
fc-dominated by vertices of H or vertices of the kind (1, r) , (m, r), (s, 1), («s, n ) , 
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F I G U R E 2. (k = 2) . 
Then D = HU {(1, s), (m, s), (r, 1), (r,n) : 1 < s < n , 1 < r < m} is a 
fc-dominating set and 
nm 
\D\ = + 2m + 2n. 
2fc2 + 2fc + 1 
From the fact that one vertex can fc-dominate at most 2fc2 + 2fc + 1 vertices 
vertices. Then it follows that D must contain at least 
mn 






2fc2 + 2fc + 1 
1 ( mn 
mn 
+ 2m + 2n 
+ 2m + 2n 
2fc2 + 2 f c + l ~ mn ~ \2k2 + 2k+l 
For m , n -> 00 the right hand side of this inequality tends to 2k2+2k+i • 
Therefore 
ik(pmgpj 1 lim 
m,n^ 00 mn 2fc
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